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Abstract
We study a non-Hermitian generalization of strongly correlated quantum systems in which the transfer energy of
electrons is asymmetric. It is known that a non-Hermitian critical point is equal to the inverse localization length of
a Hermitian non-interacting random electron system. We here conjecture that we can obtain in the same way the
correlation length of a Hermitian interacting non-random system. We confirm the conjecture using exact solutions
and numerical finite-size data of the Hubbard model and the antiferromagnetic XXZ model in one dimension.
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We study a non-Hermitian generalization of strongly
correlated quantum systems by adding an imaginary
vector potential ig (where g is a real constant) to
the momentum operator. Hatano and Nelson [1] ana-
lyzed this kind of non-Hermitian generalization of the
one-electron Anderson model. Their purpose of the
non-Hermitian generalization was to obtain a length
scale inherent in the wave function of the Hermitian
model, namely the localization length, only from the
non-Hermitian energy spectrum. We here conjecture
that we can obtain in the same way the correlation
length of a Hermitian interacting non-random model.
The non-Hermitian one-electron Anderson model is
given by [1]
H =− t
L∑
x=1
(
eg|x+ 1〉〈x|+ e−g|x〉〈x+ 1|
)
+
L∑
x=1
Vx|x〉〈x| (1)
in one dimension, where g is the parameter that gener-
ates the non-Hermiticity, corresponding to the imagi-
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nary vector potential, and Vx is a random potential at
site x. At the Hermitian point g = 0, all eigenvalues of
the Hamiltonian (1) are real. As we increase the non-
Hermiticity g, a pair of eigenvalues collide at a point
g = gc and become complex. It was revealed [1] that the
non-Hermitian critical point gc is equal to the inverse
localization length of the eigenfunction of the original
Hermitian Hamiltonian.
The above study was for a non-interacting random
electron system. What length scale emerges in the
energy spectrum if we consider the non-Hermitian
generalization of an interacting non-random system?
We conjecture here that the answer is the correlation
length. We show for the Hubbard model and the anti-
ferromagnetic XXZ model in one dimension that the
non-Hermitian critical point of the ground state where
the energy gap vanishes is equal to the inverse corre-
lation length of the Hermitian point. We also analyze
numerical data of non-Hermitian quantum systems of
finite size, confirming the conjecture.
We first consider a one-dimensional non-Hermitian
Hubbard model in the form
H =− t
∑
l,σ=↑,↓
(egc†l+1,σcl,σ + e
−gc†l,σcl+1,σ)
+ U
∑
l
c†l,↑cl,↑c
†
l,↓cl,↓. (2)
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First, the inverse correlation length 1/ξ of the charge
excitation at the Hermitian point g = 0 was obtained
by Stafford and Millis [3] in the form
1
ξ
= arcsinh(U/4t) − 2
∫ ∞
0
J0(ω) sinh((U/4t)ω)
ω(1 + e2(U/4t)ω)
dω,
(3)
where J0(ω) is the Bessel function of the first kind.
Next, Fukui and Kawakami [2] solved the non-
Hermitian Hubbard model (2) exactly. They showed
that, as we increase the non-Hermiticity g, the Hub-
bard gap due to the charge excitation vanishes at a
point gc given in the form
gc = arcsinh(U/4t) + 2i
∫ ∞
−∞
arctan
λ+ iU/4t
U/4t
σ(λ)dλ,
(4)
where σ(λ) is given by
σ(λ) =
1
2pi
∫ ∞
0
sech
(
U
4t
ω
)
cos(λω)J0(ω)dω. (5)
We can show after some algebra that the expressions
of the inverse correlation length 1/ξ in Eq. (3) and the
non-Hermitian critical point gc in Eq. (4) are equal.
We next consider the one-dimensional S = 1/2 anti-
ferromagnetic non-Hermitian XXZ model in the form
H = J
∑
l
[
1
2
(e2gS+l S
−
l+1 + e
−2gS−l S
+
l+1) + ∆S
z
l S
z
l+1
]
.
(6)
The non-Hermitian Hamiltonian (6) for ∆ = 1 is de-
rived by considering the second-order perturbation of
the non-Hermitian Hubbard Hamiltonian
H =− t
∑
l
(egc†l+1,↑cl,↑ + e
−gc†l,↑cl+1,↑ + e
−gc†l+1,↓cl,↓
+ egc†l,↓cl+1,↓) + U
∑
l
c†l,↑cl,↑c
†
l,↓cl,↓ (7)
with respect to t. As we increase the non-Hermiticity g
in Eq. (7), we can eliminate the spin gap rather than the
charge gap; see the difference between Eqs. (2) and (7).
We then generalize the model to an arbitrary ∆. Alber-
tini et. al [4] calculated for ∆ > 1 the non-Hermitian
critical point gc at which the spin gap vanishes:
gc =
γ
2
+
∞∑
n=1
(−1)n
n
tanh(nγ), (8)
where γ = arccosh∆. The expression (8) is actually
well known [5] as the inverse correlation length at the
Hermitian point g = 0. We have thus confirmed our
conjecture for two solvable models.
Unfortunately, it is difficult to know the ground-state
properties of the non-Hermitian models (2) and (6)
for g > gc. However, we expect that the ground-state
energy becomes complex in the region g > gc on the
basis of finite-size data, which we discuss below.
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Fig. 1. The extrapolation of gc(L) for the XXZ model (6)
with ∆ = 3. The exact solution of the inverse correlation
length is 0.244. The estimate gc(∞) by second-order fitting
for L = 4, 6, . . . , 16 is 0.235 and that by linear fitting for
L = 12, 14, 16 is 0.231.
We numerically diagonalized the Hamiltonians (2)
and (6) for finite size L. As we increase the non-
Hermiticity g, the energy gap between the ground
state and a low-lying excited state gradually decreases
and eventually vanishes at g = gc(L). Then the two
eigenvalues become complex. This behavior is similar
to that of the random Anderson model [1]. We eval-
uated gc(∞) by extrapolating the finite-size data of
gc(L). Figure 1 shows, for example, extrapolation of
gc(L) for the XXZ model (6) with ∆ = 3. The esti-
mate gc(∞) is indeed close to the inverse correlation
length (8). It is noteworthy that we obtain a relatively
good estimate of the inverse correlation length from
the data of gc(L) for small systems.
We also carried out the above procedure of numer-
ical analysis for frustrated quantum spin systems, in-
cluding the Majumdar-Ghosh model [6]. Details may
be published elsewhere.
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